COMPARISON THEORY AND SMOOTH MINIMAL C*-DYNAMICS 



ANDREW S. TOMS 

Abstract. We prove that the C*-algebra of a minimal diffeomorphism satisfies Blackadar's Fundamental 
Comparability Property for positive elements. This leads to the classification, in terms of K-theory and traces, 
of the isomorphism classes of countably generated Hilbert modules over such algebras, and to a similar clas- 
sification for the closures of unitary orbits of self-adjoint elements. We also obtain a structure theorem for the 
Cuntz semigroup in this setting, and prove a conjecture of Blackadar and Handeknan: the lower semicontin- 
uous dimension functions are weakly dense in the space of all dimension functions. These results continue to 
hold in the broader setting of unital simple ASH algebras with slow dimension growth and stable rank one. 
Our main tool is a sharp bound on the radius of comparison of a recursive subhomogeneous C* -algebra. This 
is also used to construct uncountably many non-Morita-equivalent simple separable amenable C* -algebras 
with the same K-theory and tracial state space, providing a C*-algebraic analogue of McDuff's uncountable 
family of IIi factors. We prove in passing that the range of the radius of comparison is exhausted by simple 
C* -algebras. 



1. Introduction 

The comparison theory of projections is fundamental to the theory of von Neumann algebras, and 
is the basis for the type classification of factors. For a general C* -algebra this theory is vastly more 
complicated, but but no less central. Blackadar opined in ||1J that "the most important general structure 
question concerning simple C* -algebras is the extent to which the Murray-von Neumann comparison 
theory for factors is valid in arbitrary simple C*-algebras." In this article we answer Blackadar's question 
for the C* -algebras associated to smooth minimal dynamical systems, among others, and give several 
applications. 

Tellingly, Blackadar's quote makes no mention of projections. A C*-algebra may have few or no projec- 
tions, in which case their comparison theory says little about the structure of the algebra. The appropriate 
replacement for projections is positive elements, along with a notion of comparison for the latter which 
generalises Murray-von Neumann comparison for projections. This idea was first introduced by Cuntz in 
||9l with a view to studying dimension functions on simple C*-algebras. His comparison relation is con- 
veniently encoded in what is now known as the Cuntz semigroup, a positively ordered Abelian monoid 
whose construction is analogous to that of the Murray-von Neumann semigroup. When the natural par- 
tial order on this semigroup is governed by traces, then we say that the C* -algebra has strict comparison 
of positive elements (see Subsection 12.21 for a precise definition); this property, first introduced in |1J, is 
also known as Blackadar's Fundamental Comparability Property for positive elements. It is the best available 
analogue among simple C*-algebras for the comparison theory of projections in a factor, and a power- 
ful regularity property necessary for the confirmation of G. A. Elliott's K-theoretic rigidity conjecture 
(see [TT] and |27|). Its connection with the comparison theory of projections in a von Neumann algebra is 
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quite explicit: if a unital simple stably finite C* -algebra A has strict comparison of positive elements, then 
Cuntz comparison for those positive elements with zero in their spectrum is synonymous with Murray- 
von Neumann comparison of the corresponding support projections in the bidual; the remaining positive 
elements have support projections which are contained in A, and Cuntz comparison for these elements 
reduces to Murray-von Neumann comparison of their support projections in A, as opposed to A**. 

Our main result applies to a class of C*-algebras which contains properly the C*-algebras associated 
to minimal diffeomorphisms. Recall that a C*-algebra is subhomogeneous if there is a uniform bound on 
the dimensions of its irreducible representations, and approximately subhomogeneous (ASH) if it is the limit 
of a direct system of subhomogeneous C*-algebras. There are no known examples of simple separable 
amenable stably finite C*-algebras which are not ASH. Every unital separable ASH algebra is the limit of 
a direct sequence of recursive subhomogeneous C* -algebras, a particularly tractable kind of subhomogeneous 
C*-algebra (IH). 

Theorem 1.1. Let (^^,0^) be a direct sequence of recursive subhomogeneous C* -algebras with slow dimension 
growth. Suppose that the limit algebra A is unital and simple. It follows that A has strict comparison of positive 
elements. 

We note that the hjrpothesis of slow dimension growth is necessary, as was shown by Villadsen in ISTl . 
The relationship between Theorem 11.11 and the C* -algebras of minimal dynamical systems is derived 
from the following theorem: 

Theorem 1.2 (Lin-Phillips, llTll ). Let M be a compact smooth connected manifold, and let h : M ^ M be a 

minimal diffeomorphism. It follows that the transformation group C* -algebra C* {M, Z, h) is a unital simple direct 
limit of recursive subhomogeneous C* -algebras with slow dimension growth (indeed, no dimension growth). 

K- theoretic considerations show the class of C* -algebras covered by Theorem 11.11 to be considerably 
larger than the class covered by Theorem ll.2l 

Let us describe briefly the applications of our main result. In a C* -algebra A of stable rank one, the 
Cuntz semigroup can be identified with the semigroup of isomorphism classes of countably generated 
Hilbert A-modules — addition corresponds to the direct sum, and the partial order is given by inclusion 
of modules (Q)- It is also known that positive elements a, 5 G ^ are approximately unitarily equivalent 
if and only if the canonical maps from Co(0, 1] into A induced by a and h agree at the level of the Cuntz 
semigroup (O). Thus, to the extent that one knows the structure of the Cuntz semigroup, one also knows 
what the isomorphism classes of Hilbert A-modules and the closures of unitary orbits of positive oper- 
ators look like. If A is in addition unital, simple, exact, and has strict comparison of positive elements, 
then its Cimtz semigroup can be described in terms of K-theory and traces (see (U Theorem 2.6]), and the 
Ciuperca-Elliott classification of orbits of positive operators extends to self-adjoint elements. Thus, for 
the algebras of Theorem ll.li under the additional assumption of stable rank one, we have a description of 
the coxmtably generated Hilbert A-modules and of the closures of unitary orbits of self-adjoints in terms 
of K-theory and traces. (In fact, this description also captures the inclusion relation for the said modules, 
and the structure of their direct sums.) This result applies to the C*-algebras of minimal diffeomorphisms 
as these were shown to have stable rank one by N. C. Phillips ( Il23ll ). Our classification is quite practical, 
as the K-theory of these algebras is accessible through the Pimsner-Voiculescu sequence and their traces 
have a nice description as the invariant measures on the manifold M. The classification of Hilbert mod- 
ules obtained is analogous to the classification of W*-modules over a IIi factor. (See |i4j and Subsections 
15.41 and 15.51 ) Finally, we note that Jacob has recently obtained a description of the natural metric on the 
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space of unitary orbits of self-adjoint elements in a unital simple ASH algebra under certain assumptions, 
one of which is strict comparison. This gives another application of Theorem ll.il ( IITSl ). 

It was shown in [31 Theorem 6.4] that if the structure theorem for the Cimtz semigroup alluded to 
above holds for A, then the lower semicontinuous dimension functions on A are weakly dense in the 
space of all dimension functions on A, confirming a conjecture of Blackadar and Handelman from the 
early 1980s. This conjecture therefore holds for the algebras of Theorem ll.il (See Subsections 15.21 and l5 .31 ) 

If A is a imital stably finite C* -algebra, then one can define a nonnegative real-valued invariant called 
the radius of comparison which measures the extent to which the order structure on the Cuntz semigroup 
of A is determined by (quasi-)traces. This invariant has proved useful in the matter of distinguishing 
simple separable amenable C*-algebras both in general ( |29| ) and in the particular case of minimal C*- 
dynamical systems (fT2]). The proof of Theorem 11.11 follows from a sharp upper bound that we obtain 
for the radius of comparison of a recursive subhomogeneous C*-algebra. This bound generalises and 
improves substantially upon our earlier bound for homogeneous C*-algebras ([30]). In addtion to being 
crucial for the proof of Theorem ll.il this boimd has other applications. We use it to prove that the range 
of the radius of comparison is exhausted by simple C* -algebras, and that there are uncountably many 
non-Morita-equivalent simple separable amenable C* -algebras which all have the same K- theory and 
tracial state space (Theorem lS.llt . This last result is proved using approximately homogenenous (AH) 
algebras of unboimded dimension growth, and so may be viewed as a strong converse to the Elliott- 
Gong-Li classification of simple AH algebras with no dimension growth (|[T0|). It can also be viewed as 
a C* -algebraic analogue of McDuff 's uncountable family of pairwise non-isomorphic II i factors ( flSlI ). 
(See Subsections 15.11 and 15.61 ) 

W. Winter has recently announced a proof of Z-stability for a class of C*-algebras which includes unital 
simple direct limits of recursive subhomogeneous C* -algebras with no dimension growth, leading to an 
alternative proof of Theorem 11.11 under the stronger hypothesis of no dimension growth. Those working 
on G. A. Elliott's classification program for separable amenable C*-algebras suspect that the conditions 
of slow dimension growth and no dimension growth are equivalent, but this problem remains open even 
for AH C*-algebras. Gong has shown that no dimension growth and a strengthened version of slow 
dimension growth are equivalent for unital simple AH algebras, an already difficult result (see IITSlI ). 

The paper is organised as follows: Section 2 collects our basic definitions and preparatory results; 
Section 3 establishes a relative comparison theorem in the Cuntz semigroup of a commutative C* -algebra; 
Section 4 applies the said comparison theorem to obtain sharp bounds on the radius of comparison of a 
recursive subhomogeneous algebra; Section 5 describes our applications in detail. 

Acknowledgements. Part of this work was carried out at the Fields Institute during its Thematic Program 
on Operator Algebras in the fall of 2007. We are grateful to that institution for its support. We would also 
like to thank N. P. Brown and N. C. Phillips for several helpful conversations. 



2.1. The Cuntz semigroup. Let Ahea C*-algebra, and let M„ (A) denote the nxn matrices whose entries 
are elements of A.lfA = C, then we may simply write M„. 

Let Moo (A) denote the algebraic limit of the direct system (M,i (A) , (/)„), where 0„ : M,i (A) M„+i {A) 
is given by 
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Let Moo(A)+ (resp. M„(A)+) denote the positive elements in Moo{A) (resp. M„(A)). Given a,b e 
Moo(^)+, we say that a is Cuntz siibequivalent to b (written a b) if there is a sequence (wn)^i of el- 
ements of Moo (^) such that 

||«„K-«H"=^o. 

We say that a and b are Cuntz equivalent (written a ^ b) if a ^b and b ^ a. This relation is an equivalence 
relation, and we write (a) for the equivalence class of a. The set 

W{A) ■.^M^{A)+/^ 

becomes a positively ordered Abelian monoid when equipped with the operation 

(a) + (6) = (a ® 6) 

and the partial order 

(a) <{b)^a;<b. 

In the sequel, we refer to this object as the Cuntz semigroup of A. (It was originally introduce by Cuntz in 
ID.) The Grothendieck enveloping group of VF(A) is denoted by Kq(A). 

Given a € Moo(^)+ and e > 0, we denote by (a — e)+ the element of C*(a) corresponding (via the 
functional calculus) to the fimction 

f{t) = max{0, t - e}, t e a{a). 

(Here a{a) denotes the spectrum of a.) The proposition below collects some facts about Cuntz subequiv- 
alence due to Kirchberg and R0rdam. 

Proposition 2.1 (Kirchberg-Rerdam (HU), Rordam ( 1261 )). Let A be a C*-algebra, and a,b e ^4+. 

(i) (a — e)+ ;^ a for every e > 0. 

(ii) The following are equivalent: 

(a) a ^ b; 

(b) for all e> 0, (a - e)+ ;^ b; 

(c) for all e > 0, there exists S > such that {a — e)+ ^ {b — 5)+. 

(iii) Ife > and | |a - 6| | < e, then {a - e)+ ;< b. 

2.2. Dimension functions and strict comparison. Now suppose that A is unital and stably finite, and 
denote by QT{A) the space of normalised 2-quasitraces on A (v. 121 Definition II. 1.1]). Let S(W{A)) 
denote the set of additive and order preserving maps d ; VK(yl) R+ having the property that ^((1^)) = 
1. Such maps are called states. Given r G QT(^), one may define a map : Moo(^)+ by 

(1) dria) = lim T(ai/"). 

n — >oo 

This map is lower semicontinous, and depends only on the Cuntz equivalence class of a. It moreover has 
the following properties: 

(i) ifa;<b, then dr{a) < dr{b); 

(ii) if a and b are mutually orthogonal, then dr{a + b) = dr{a) + dr{b); 
(iii) dr{{a — e)+) /* dr{a) as e ^ 0. 

Thus, dr defines a state on W{A). Such states are called lower semicontinuous dimension functions, and the 
set of them is denoted LDF(A). QT(yl) is a simplex (0 Theorem II.4.4]), and the map from QT(A) to 
LDF(A) defined by ((ij is bijective and affine (||2l Theorem II. 2.2]). A dimension function on A is a state on 
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Kq{A), assuming that the latter has been equipped with the usual order coming from the Grothendieck 
map. The set of dimension fimctions is denoted DF(yl). LDF(A) is a (generally proper) face of DF(yl). If 
A has the property that a ^ b whenever d{a) < d{h) for every d E LDF(^), then we say that A has strict 
comparison of positive elements. 

2.3. Preparatory results. We now recall and improve upon some results that will be required in the 
sequel. 

Definition 2.2 (cf. Definition 3.4 of ||30l). Let X he a compact Hausdorff space, and let a e M„(C(X)) be 
positive with (lower semicontinuous) rank function / : X ^ Z+ taking values in {ni, . . . , ti^}, m < n2 < ■ ■ ■ < 
Uk- Set 

F,,a :={.xeX|/(a.)=n,}. 
We say that a is well supported if, for each 1 < i < k, there is a projection pi £ M„(C(Fi^a)) such that 

lim a(a;)-^/'" =pj(a;), Va; S Fi a, 

r — *oo 

andpi{x) < Pj{x) whenever x G Fj^a n F^.q and i < j. 

Theorem 2.3 (T, cf. Theorem 3.9 of |[30|). Let X be a compact Hausdorff space, and let a £ M„(C(X))-|_ and 
e > be given. It follows that there is a e Mn{C{X))^ with the following properties: 

(i) a < a; 

(ii) ||a — a|| < e; 

(iii) a is well supported. 

Remark 2.4. In the statement of Theorem 3.9 of |30], X is required to be a finite simplicial complex, but 
this is only to ensure that some further conclusions about the approximant 5 can be drawn. The proof 
of this theorem, followed verbatim, also proves Theorem 12.31 — one simply ignores all statements which 
concern the simplicial structure of X. An alternative proof can be found in [17] . 

For our purposes, we require a different and in some ways strengthened version of Theorem 12.31 It 
says that the well-supported approximant a can be obtained as a cut-down of a, at the possible expense 
of condition (i). 

Lemma 2.5. Let X, a, and e be as in the statement ofTheorem \2.3\ Suppose further that a has norm at most one. 
Itfollozvs that there is a positive element h o/M„(C(X)) of norm at most one such that the following statements 
hold: 

(i) \\hah — a|| < e; 

(ii) \\ha — a|| < e/2 and \\ah — a\\ < e/2; 

(iii) hah is well-supported. 

Proof. Apply Theorem l2.3l to a with the tolerance e/4 to obtain the approximant a. This approximant can 
be described as follows (the details can be found in the proof of ??[Theorem 3.9], which is constructive). 
At every x E X there are mutually orthogonal positive elements ai{x), . . . , ak{x) of M„(C) such that 

a{x) = ai{x) a2{x) • • • ak{x). 

Note that k varies with x, and that we make no claims about the continuity of the a^s. Our approximant 
then has the form 

a(x) = Aiai(x) A2a2(a;) • • • \kak{x), 
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where A.; e [0, 1]. We also have that ||ai(a;)|| < e/4 whenever A-; ^ 1, and that there is an 77 > 0, indepen- 
dent of X, such that the spectrum of ai(x) is contained in [77, 1] whenever Ai = 1. 
Let / : [0, 1] [0, 1] be the continuous map given by 



Set 



1, t>^ 



h{x) = f{h{x)) = f{\iai{x)) e /(A2a2(x)) • • • f{\kak{x)), 

and note that h : X ^ M„(C) is indeed a positive element of M„(C(X)) since a is. 

Let us first verify that | |/ia — a| | < e/2; the proof that | |aft, — a| | < e/2 is similar. For every x E X we 
have 

fe 

h{x)a{x) - a{x) = ^ (f {Xiai{x))ai{x) ~ ai{x)) . 

i=l 

If Ai = 1, then f{Xiai{x)) = pi{x), where Pi{x) is the support projection of ai{x) in M„(C). Thus, 

f{Xiai{x))ai{x) - a^ix) = pi{x)ai{x) ~ ai{x) = ai{x) - ai{x) = 0. 

Otherwise, ||ai(a:;)|| < e/4 and | |/(Aiai(x))| | < 1, whence 

||/(A,a,(x))a,(x) - a,{x)\\ < e/4 + e/4 = e/2. 

We have shown that \\f{Xtat{x))ai{x) — at{x)\\ < e/2 for each i e {1,. . .,k}, so that \\ha — a\\ < e/2, 
proving (ii). For (i), we have 

||/ia/i — a|| = \\hah — ha + ha — a\\ 

< • j|a/i - a|| + ||/ia - ail 

< e/2 + e/2 = e. 

To complete the proof, we must show that hah is well-supported. The property of being well-supported 
depends only on the support projection of hah{x) as x ranges over X. It will thus suffice for us to 
show that the support projection of hah{x) is the same as that of a{x), since a is well-supported. If 
Ai is zero, then so is f {Xiai{x))ai{x) f {Xia.i{x)), whence both it and Xiai{x) have the same support pro- 
jection, namely, zero. If A.; 7^ 0, then f{Xiai{x))ai{x)f{Xiai{x)) is the image of Xiai{x) under the map 
1 1— > f(t)(t/Xi)f(t). This map is nonzero on (0, 1], and it follows that Xiai{x) and f {Xiai{x))ai{x) f {Xiai{x)) 
again have the same support projection. Since these statements hold for each i G {!,..., k], we conclude 
that the support projections of a{x) and hah{x) agree for each x E X. □ 

Proposition 2.6 (Phillips, Proposition 4.2 (1) of ||22| ). Let X he a compact Hausdorff space of finite covering 
dimension d, and let E c X be closed. Let p,q G M„(C(X)) be projections with the properiy that 

Ta,nk{q{x)) + ^{d - 1) < rank(p(.T)), V.t G X. 
Let So e M„(C(£')) be such that SqSq = q\E and sqSq < p\e- Itfollozvs that there is s e M„(C(X)) such that 

s*s — q, ss* < p, and Sq = s\e- 
We record a corollary of Prop osition 12 . 6 1 f or use in the sequel. 
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Corollary 2.7. Let X bea compact Hausdorjf space of covering dimension d e N, and let Ei, . . . , Ek he a cover of 
X by closed sets. Let p e M„(C(X)) and qi e M„(C(i?i)) be projections of constant rank for each i <E {I, . . . ,k}. 
Set rii ~ rank(gi), and assume that ni < n2 < ■ ■ ■ < rifc. Assume that qi{x) < qj{x) whenever x £ Eid Ej and 
i < j. Finally, suppose that Ui — rank(p) > (1/2) (d — 1) for every i. 
The following statements hold: 

(i) there is a partial isometry w e M„(C(X)) such that w*w = p and 

{ww*)ix)< /\ q,{x),VxeX; 

(ii) ifYCX is closed, p\y corresponds to a trivial vector bundle, and 

p{y)< A VyGF, 

then p\y can be extended to a projection p on X which also corresponds to a trivial vector bundle and 
satisfies 

p{x) < /\ q^ix), Vx e X. 

Proof, (i) The rank inequality hypothesis and the stability properties of vector bundles imply that there 
is a partial isometry wi € M„(C(i?i)) such that wlwi — p and wiwl < qi. Since qi{x) < qj{x) whenever 
x £ El n Ej, we have 

KO(x)< /\ q,{x),\fx€Ei. 

{j I aneiJj} 

Suppose now that we have found a partial isometry Wi e M„(C(£'i Li - ■ ■UEij) such that w*Wi — p and 

(2) {w.,w*){x)< f\ qj{x),yxeEiU---UE,. 

{j I ^eEj} 

We may now apply Proposition |Z6l with X = E^+i, E = i?i+in(i?iU- • - ^JEi), and so = Wi:|£;,_|_in(£;iu - u£i) 
to extend Wi to a partial isometry Wi+i e M„(C(£^i U • • • U which satisfies (|2) with i + 1 in place of 

i. Continuing inductively yields the desired result. 

(ii) We will explain how to extend p\y to p defined on F U The desired result then follows from 
iteration of this procedure. 

The projection p\YnEi corresponds to a trivial vector bundle, and is subordinate to qi. Let q be a 
projection over Y which corresponds to a trivial vector bundle and has the same rank as p. Since both 
pWnEi and q\YnEi correspond to trivial vector bundles, there is a partial isometry w G M„(C(F n Ei)) 
such that WW* = p\Yr\Ei < QiWnEi and w*w = q\YnEi ■ We may assume that this partial isometry, viewed 
as an isomorphism between trivial vector bundles, respects the decomposition of both bundles into a 
prescribed direct (Whitney) sum of trivial line bundles; we moreover assume that these decompositions 
are the restrictions of similar decompositions for q and p\y- 

Apply Proposition 12.61 with X = Ei, E ^ Y H Ei, sq = w, q = q and p = qi. The resulting partial 
isometry s has the following properties: ss* is a projection corresponding to a trivial vector bundle over 
El, ss* agrees with p onY Ei, and upon viewing s as an isomorphism of vector bundles, the image of 
the given decomposition of q into trivial line bundles extends the similar decomposition of p. It follows 
that the projection 

p{x) =p{x) V ss*{x),x eYVJEi, 
corresponds to a trivial vector bundle, and extends p|y . 
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□ 

The proof of the next lemma is contained in the proof of 1301 Proposition 3.7]. 

Lemma 2.8. Let X be a compact Hausdorjf space, and let a,b € M„(C(X)) be positive. Suppose that there is a 
non-negative integer k such that 

rank(a(a;)) + fc < rank(fe(a;)), \/x G X. 
It follows that for every e > there is S > with the property that 

rank((a - e)+{x)) + k < rank((5- S)+{x)), Vx E X. 

3. A RELATIVE COMPARISON RESULT IN M„(C(X)) 

The goal of this section is to prove the following Lemma. 

Lemma 3.1. There is a natural number N such that the following statement holds: Let Xbea compact metrisable 
Hausdorff space of finite covering dimension d, and letY <Z X he closed. Let a,b E M„(C(X) be positive and, for 
a given tolerance 1 > e > 0, satisfy 

(i) ||a(a;) — b{x)\\ < efor each x eY, and 

(ii) rank(a(x)) + (rf — l)/2 < rank(6(a;))/or each x ^Y. 

It follows that there are positive elements c, d and a unitary element u in M4„(C(X)) whose restrictions to Y 
are all equal to 1 G M4„(C(F)), and which, upon viewing a and b as elements of the upper left n x n corner of 
M4„(C(X)), satisfy the inequality 

\\{duc)b{duc)* - all < Ny^. 

The proof of Lemma [3. 1 [ proceeds in several steps. 

Lemma 3.2. Let X be a compact metrisable Hausdorff space, and let Y be a closed subset of X. Suppose that we 
have positive elements a,b E M„(C(X)), a tolerance e > 0, and a natural number k satisfying 

(i) ||a|y — 6|y II < e, and 

(ii) rank(a(a;)) + k < rank(6(x)/or each x ^Y. 

It follows that there are a positive element a e M„(C(X)) and open neighbourhoods Ui C U2ofY with the 
following properties: 

(a) ||a - a|| < 4e; 

(b) Th c U2; _ 

(c) a{x) = {b{x) — 2e)+/or every x € U2\Ui; 

(d) rank(a(a;)) + k < rank{b{x)) for each x G X\Ui. 

Proof. By the continuity of a and b we can find open neighbourhoods Ui C U2 C U3 oi Y such that 
Ui C U2, U2 C U3, and \ \a\jj^ ~ ^ (3/2)e- Let / : X ^ [0, 1] be a continuous map which is equal to 
zero on y U {X\U3) and equal to one on U2\Ui. As a first approximation to our desired element a, we 
define 

aiix) = {l-fix))a{x) + f{x)b{x). 

We then have ||ai|-[^ — ^Ij/^^ll < 2e and ||a — ai|| < 2e. Now find a continuous fimction g : X ^ [0, 1] 
which is zero on Y, and equal to one on X\Ui. Set a{x) = {ai{x) — 2eg(.T))+. Thus, conclusions (a) and 
(b) are satisfied. 
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For each x e U2\Ui we have J{x) ~ g{x) = 1, so that ai{x) — b{x) and a{x) = {b{x) — 2e)_|_. This 
establishes part (c) of the conclusion. 

For part (d) of the conclusion we treat two cases. For x € UsXUi we have the estimate | |ai (x) — a{x) \ \ < 
2e and the fact that a{x) ~ {ai{x) — 2e)+. Proposition 12 . 1 1 (iii) then implies that a{x) ^ a{x), whence 

rank(a(a;)) < rank(a(a;)) < rank(fe(.T)) — k. 

For X G X\U3 we have ai{x) ~ a{x) and a{x) ~ {ai{x) — 2e)+. Thus, a{x) ^ a{x) and we proceed as 
before. □ 

We can now make our first reduction. 

Lemma 3.3. In order to prove Lemma \3l] it will suffice to prove the following statement, hereafter referred to as 
(S); Let X he a compact metrisable Hausdorff space of covering dimension d € N, and let Y C X be closed. Let 
1 > e > be given. Suppose that a, 6 G M„(C(X))+ have the following properties: 

(i) 1 1 (a — ^) I (jl I < e/or some open set U 3 Y; 

(ii) h\x\u z's well-supported; 

(iii) there are an open setV^U and 7 > such that 

a{x) = {b{x) --f)+,yx eV\U; 

(iv) 

rank(a(x)) + (d - l)/2 < rank(6(x)), Vx e X\U. 

It follows that there are positive elements c, d and a unitary element v in M4„(C(X)) whose restrictions to U are 
all equal to 1 £ M4„(C(C/)), and which, upon viewing a and b as elements of the upper left n x n corner of 
M4„(C(X)), satisfi/ the inequality 

\\{dvc)b{dvc)* - a\ \ < Ay^. 

Proof. Let a and b be as in the hypotheses of Lemma [3. II One can immediately find an open set U ^ Y 
such that I |a(a;) — b{x) \ \ < eo < e for every x & U.By Lemma IZHl there is a (5 > such that 

rank(a(x) - e)+) + (d - l)/2 < rank(5(a;) - 6)+, Vx G X. 

Set rj = min{e — eo,5}. 

Fix an open set W ^ Y such that W C U. Apply Lemma [2. 5 1 to b\x\w with the tolerance 1] to produce 
a positive element h E Mn{G{X\W)) with the properties listed in the conclusion of that lemma. Fix a 
continuous map f : X ^ [0,1] which is equal to one on W and equal to zero onX\U. Set 

h{x) = /(x)1m„ + (1 - f{x))Hx), yx G X, 

andb{x) — h{x)b{x)h{x) . For each a; G X\L/,wehave /(a:) = 0. It follows that &|x\!7 = {h\x\u)[b\x\u)[h\x\u)i 
whence, by part (i) of the conclusion of Lemma [2.5[ b\x\u is well-supported. 
We have 

\\hbh~b\\ 
= sup||/i(2;)6(a;)/i(x) -6(a;)|| 

xl^X 

= sup||[/(x)l + (1 - f{x))h{x))]b{x)[{f{x)l + (1 - f{x))h{x))] - b{x)\\ < rj, 
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where the last inequality follows from part (ii) of the conclusion of Lemma [2.5l Since rj < e — eo, we have 
\\a\jj — < e. The inequality ij < 5 implies that ||& — 6|| < 5. Combining this fact with part (iii) of 
Proposition 12.11 yields 

rank((a(x) - e)+) + (d - l)/2 < rank(6(a:) - S)+) < rank(S(a;)), Vx € X. 

We will now apply Lemma [3.21 with b, (a — e)^, and 2e substituted for b, a, and e, respectively. Note 
that by shrinking U and W above, we may assume that they will serve as the sets U2 and Ui of Lemma 
13. 2i respectively. Form the approximant a to (a — e)+ provided in the conclusion of Lemma [3. 2[ and set 
a ~ a. Note that \\a — (a — e)_(-j| < 8e. We have 

< ||(a-(a-6)+)y| + ||((a-6)+-6)y| 

< 2(4e) + 2e = lOe 

and 

d{x) = (b{x) ~ 4e)+, Va; e X. 
Our d and b now satisfy the hypotheses of statement (S) with lOe and 4e substituted for e and 7, 
respectively. Let c, d, and v be as in the conclusion of statement (S). Set u — v, d — d, and c — ch. It 
follows that 

\\{duc)b{duc)* - all = \\{dvc)(hbh){dvc)* ~ a\\ 

< \\i{dvc)b{dvc)* - d\\ + \\d - a\\ 

< 40Ve|| + \\d - (a - e)+|| + \\a - (a - e)+|| 

< 40Ve + 9e < 49^/^. 

This shows that if (S) holds, then Lemma |311 holds (with N = 49). □ 

The next Lemma constructs the imitary u of Lemma IXTI 

Lemma 3.4. Let X be a compact metrisable Hausdorjf space of covering dimension d e N, and let a,b g 
Mn{C{X)) be well-supported positive elements with the property that 

rank(a(.T)) + i(d - 1) < rank((6 - e)+(x)) 

for some e > and every x £ X. Suppose further that a{y) < {b{y) — e)+ for each y in the closure of an open 
subset Y of X, and that a and b have norm at most one. 
For each /c e {0, 1, . . . , n}, set 

Ek^{xe Z\ rank(a(2;)) = fc}; Fk ^ {x E Z \ rank(&(.T)) = k}. 

For each x G Ek, let Pk{x) be the support projection of a{x);for each x £ F^. let qk{x) be the support projection of 
b{x). Since a and b are well-supported, the continuous projection-valued maps x Pkix) and x i—* qk{x) can be 
extended to Ek and Fk, respectively. We also denote these extended maps by pk and qk. 

View M„(C(X)) as the upper-left nx n corner o/M4„(C(X)), and let Z (-Y be closed. It follows that there is 
a unitary u e M4„(C(X)) with the following properties: 
(i) u{z) = lin e M4n{C) for each z e Z; 
(ii) 

iu*pku){x) < /\ q,ix), V.T e Ek, Vfc e {0, . . .,?!}; 
{3 1 ^6"f7} 

(iii) u is homotopic to the unit o/M4„(C(X)). 
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Proof. Step 1. For each y e Y, set v{y) ~ 1„. Let us verify conclusion (ii) above with v in place of u for 
each X E Y Ek- For each y £ Y we have a{y) < h{y), and so 

a{yf'^" < b{yy/^", Vn e N. 

It follows that Pk{y) < Qj (y) for each j/ e y n n -Fj, and so 

{v*pkv){y) =pk{y) < /\ 

{j I y6T7} 

for each y g F n E't and fc e {1, ... ,71}. It remains to prove that the inequality above holds when 
yeYnE^. 

Set r{x) = X[e/2A]{b{x)) fo^' each .t e X, so that r(a;) dominates the support projection of {b — e)+ at x. 
It follows that pkix) < r{x) for each x ^ Ek.ln fact, 

(3) Pk{x)<r{x)< /\ qj{x) 

for each fc G {0, . . . , n} and .t e E'fc, where the second inequality follows from the fact that 

A *(^) 

{] I ^£77} 

is the support projection of b{x) for each x € Ek- It will suffice to prove that the first inequality holds for 
2/ S F n It is well known that r{x) is an upper semicontinuous projection-valued map from X into 
M„(C(X)). Fix y € F niJfe, and let (y„) be a sequence \nY f]Ek converging to y. Since pfc(y„) < r{yn) for 
each n e N we have 

Now 

= lim {Pk{yn)m) < limsup(r(2/„)^IO < (Ky)eiO, € C", 

where the last inequaltiy follows from the upper semicontinuity of r. It follows that pk{y) < T{y), as 
required. 

Step 2. We will construct partial isometrics Vk G Mn{C{Ek\Y)) with the following properties: 

(a) _ 

KPfct'fc)(x)< /\ gj(a;), Vxe Sfe\r, Vfce {!,..., n}; 
b' I 2;e"F7\-i'} 

(b) the vkS are compatible in the sense that for each x <E Eif] Ej\Y with i < j, 

{v*PiVi){x) = {v*PiVj){x); 

(c) for each x e Ek n dY, Vk{x) ^ pk{x) = v{x)pk{x). 

In the third step of the proof, we will extend the v from Step 1 and the VkS above to produce the unitary 
u required by the lemma. 

We will prove the existence of the required v^s by induction on the number of rank values taken by 
a. Let us first address the case where a has constant rank equal to fco- In this case Ek^ = Ek„ = X, and 
a is Cuntz equivalent to the projection pkf, £ M„(C(X)). We set Ufco(y) = Pkaiy) for each y e dY, thus 
satisfying requirements (a) and (c) for these y. (Note that condition (b) is met trivially in the present 
case.) Let ji < j2 < ■ ■ ■ < ji be the indices for which Fj. ^ ^. The existence of the required partial 
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isometry extending the definition of Vk„ on dY now follows from repeated application of Proposition 1221 
one substitutes pk„ and qj. for q and p, respectively, in the hypotheses of the said Proposition. 

Now let us suppose that we have found partial isometrics vq, . . . ,Vk satisfying (a), (b), and (c) above. 
We must construct v^+i, assuming k < n. We will first construct Vk+i on the boundary 

For X e Ek+i n^nV-, we have 

iv*kPkVk){x) < /\ qj{x). 

{j I xe-F-\Y} 

From ||3j on Ek+i we also have that the rank of the right-hand side exceeds that of the left hand side by 
at least ^ 

rank{pk+iix) - pkix)) + -{d - 1). 

Working over Ek+iDEk DV', we have that {pk+i —pk) is Murray-von Neumann equilvalent to a projection 
fk which is orthogonal to v^pkVk and satisfies 

fkix) < /\ qjix). 
{j I xeF-\Y} 

(This follows from part (i) of Corollary 12.71 ) Let Wk be a partial isometry defined over Ek+i D Ek nV^ 
such that wl{pk+i — Pk)wk — fk, and set Vk+i = + Wk- With this definition we have 

{v*k^^Pk+iVk+i){x) < /\ qj{x), 
{j I xeF-\Y} 

and 

{v*kPkVk){x) = {v*k+iPkVk+l){x) 

for each x e 'E^ n^DY". 

Let us now show how to extend Vk+i one step further, to Ek+i n {Ek U Ek^i) n Y'^; its successive 
extensions to the various 

Ek+lf^{E'klJ■■■yJEk-J)f^Y'', j e i}, 

are similar, and the details are omitted. 

In this paragraph we work over the set Ek+i n (Sfe U i?fc-i) n y^. We will suppose that this set contains 
Ek+lf^Ek^\Y'^- strictly, for there is otherwise no extension of Vk+i to be made. Over {Ek+ir\Ekr\Y'^)r\Ek-i, 
we set Wfe-i = Vk+i{pk+i — Pk)- Thus, Wk-i is a partial isometry carrying (the restriction of) Pk+i — Pk-i 
to a subprojection of 

Q{x)='{ f\ qj{x)\ -{vk-iPk-ivl^i){x), x(,{E^ir\^kr\Y'')nEk^i. 

\{j I x&F-\Y} ) 

We moreover have the rank inequality 

[rank((3(x)) - T:Sink{{vk-iPk-iv*k_i){x))] - Y&-nk{{wk^iW*k_-^){x)) > ^{d - 1). 

Applying part (i) of Corollary l2.7l we extend Wk-i to a partial isometry defined on all of Ek+i n Ek~i n 
which has the property that {'Wk-iwl_^) < Q{x). Finally, set Vk+i = wfe^i + wk-i on this set. It is 
straightforward to check that Vk+i has the required properties. 
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Iterating the arguments above, we have an appropriate definition of Vk+i on 

E^n (E;uE;u---uE^)nY'. 

To extend the definition of Ufe+i from the set above to all of Ek+idy, we simply apply part (i) of Corollary 

Step 3. Set = Y and Hk = Ek\Y, so that . . . , i?„ is a closed cover of X. For each k G 
{—1,0, . ..,n} we have a partial isometry Vk G M„(C(i/fc)) from Steps 1 and 2 (assuming that v-i = 
V ~ 1). Let rk denote the source projection of Vk- Notice that agrees with pk off Y. In this final step of 
our proof, we will construct the required unitary m in a manner which extends the Vk- (uIh^ )rk = Vk- 

Suppose that we have found a partial isometry Wk e M2„(C(if_i U • • • U Hk)) with source projection 
equal to !„ (i.e., the unit of the upper-left n x n corner) and satisfying {wk\Hj)'''j ~ Vj for each j € 
{0, . . . , k}. Let us show that k can be replaced with k + 1, and that Wk+i may moreover be chosen to be 
an extension of Wk ■ 

Over (iJ_iU- • ■UHk)r]Hk+i,Wk carries the projection 1„ — r/j+i into a subprojection ofl2n — Vk+iVk+i- 
The rank of the latter projection exceeds that of the former by at least (d — 1)/2, and so the partial isometry 
Wkiln — rk+i) defined over (i7_iU- • ■UHk)r\Hk+i can be extended to a partial isometry Wj,_|_^ defined over 
Hk+i which carries 1„ — rk+i into a subprojection of l2n — Wfe+i^'^+i (cf. Proposition 12. 6|l . Setting Wk+i = 
Vk+i + Wj.^]^ on Hk+i and Wk+i = wk otherwise gives the desired extension. Iterating this extension 
process yields a partial isometry w £ M2„(C(X)) with source projection 1„ satisfying {w\Ht,)rk ~ Vk- 

To complete the proof, it will suffice to find a imitary u g M4„(C(X)) which is homotopic to the 
identity (for conclusion (iii)), satisfies ul„ = w (for conclusion (ii)), and is equal to 1 G M4„(C) over Z 
(for conclusion (i)). We will find a unitary s satisfying (ii) and (iii), and then modify it to obtain u. 

The complement of 1„ in M2„(C(X)) is Murray-von Neumann equivalent to the complement of ww*, 
as both projections have the same Kp-class and are of rank at least (d — l)/2. Let w be a partial isometry 
implementing this equivalence. It follows that w + w € M2„(C(X)) is imitary. Setting s = {w + w ) (B 
(w + w )* yields our precursor to the required unitary u G M4„(C(X)) — the Ki-class of s is zero, so it is 
homotopic to l4„ by virtue of its rank (|24l Theorem 10.12]). The unitary s\y G M4„(C(F)) has the form 
In © s, where s is a 3n x 3n unitary homotopic to the identity. (This follows from two facts: the Ki-class 
of In © s is zero, and the natural map t : U{M3n{C{Y)) U{Min{C{Y)) given by x 1„ © a; is injective 
by m Theorem 10.12].) Let 

H -.Y x[0,l]^U{M3n{C)) 

be a homotopy such that H{y, 0) = s{y) and H{y, 1) = l3„ G M3„(C). Let h : Y ^ [0, 1] be a continuous 
map equal to one on Z and equal to zero on dY. Finally, define 

r s{x), x<^Y 

"^^^ \ ln®H{xJ{x)), xeY ■ 

The unitary u is clearly homotopic to s, and so satisfies conclusion (iii). Conclusion (i) holds for u by 
construction, and conclusion (ii) holds since ul„ = sl„ = w. □ 

Lemma 3.5. The statement (S) (cf. Lemma [33i holds. 

Proof. Step 1. To avoid cumbersome notation, we use a, b, c, and d in place of their "hatted" versions in 
the hypotheses and conclusion of (S). We will first find the unitary v and the positive elements c and d 
required by the conclusion of (S) with two failings: c and d are not necessarily equal to 1 G M4„(C) at 
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each point of U, and the estimate 



\\{cvd)b{cvd)* a\ \ <4^/i 



only holds on X\U. Both of these failings will be attributable to c and d alone, and will be repaired in 
later Steps 2. and 3. 

By combining the hypotheses (i) and (iii) of (S), we may, after perhaps shrinking the set V, assume 
that 7 < e. With this choice of V we also have that hypothesis (i) holds with V in place of U. We will also 
weaken hypothesis (iii) to an inequality. This has two advantages. First, by replacing a with [a — 5)+ for 
some small S > 0, we can assume that (iv) holds with b replaced by (6 — 77)+ for some 7 > ?/ > 0. Second, 
we can assume that a| y\c/ is well-supported by using the following procedure: letW^Y be an open 
set whose closure is contained in U; replace a with a suitably close approximant a on X\W, as provided 
by Lemma [2. 5 1 choose a continuous map f : X ^ [0,1] which is equal to one on W and equal to zero on 
X\U; replace the original a with the positive element equal to f{x)a{x) + (1 — f{x))a{x) at each x e X. 
Let us summarise our assumptions: 

(i) I |(a — 6) ly 1 1 < e for some open set V DY; 

(ii) b[x\u and a[x\u are well-supported (and U C V); 

(iii) there is < 7 < e such that 



For each x G Ek, letpk{x) be the support projection of a{x). Similarly, define qkix) to be the support pro- 
jection of b{x) for each x G Fk- Since (the restrictions of) a and b are well-supported on Z, the continuous 
projection-valued maps x ^ Pk{x) and x 1— *■ qk{x) can be extended to Ek and Fk, respectively. We also 

denote these extended maps by pk and qk- Let Vi be an open subset of X such that U QVi QVi <^V, 
and set Vi = n Z. Apply Lemma |3l4l with b[z, a[z, Z, W, V\, and t] substituted for the variables b, a, X, 
Y , Z , and e in the hypotheses of the lemma, respectively. Let u be the unitary in M4„ (C(Z)) provided by 
the conclusion of the said lemma. Define v G M4„(C(X)) to be the unitary which is equal to m on Z and 
equal to 1 € M4„(C) at each point of U . This v will serve as the unitary required in the conclusion of (S). 
We will simply use v in place of Tjj^ whenever it is clear that we are working over Z. 
From conclusion (ii) of Lemma [3.4l we have 



a{x) < {b{x)-i])+, \fx e V\U; 



(iv) 



rank(a(a;)) + {d-l)/2< rank((6 - 7?)+(a;)), Vx G X\U. 



Set Z = X\U and W ^ V\U. 
For each fc e {0, 1, . . . , n}, set 



Ek = {x(^ Z[ rank(a(2;)) = k}; Fk ^ {x e Z [ rank(6(.T)) = k}. 



(4) 




qj{x) v{x)*, Vi' e Ek, Vfc G {0, . . . ,n}. 



For each S > Olet fs, gs : [0, 1] ^ [0, 1] be given by the formulas 
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and 



95{t) 



0, te [0,5/2] 

fsit)/t, te [6/2,1] 



Note that fsit) and gs{t) are continuous, and that tgs{t) = fs{t). 
Consider the following product in M4„(C(Z)): 



iVav^/ gs{b))b{^/avy/ gs{h))* = {\/avy/ gs{b))h{y/ gs{b)v*^/a). 
[^^b^/^]{x) ^ fs{b){x) ^ 



(5) 

As 6^0 we have 

/\ qj{x), V.T e Z. 

Thus, by Q, [u^ gs{b)b^/gs{b)v*]{x) converges to a projection which dominates the support projection of 
a{x). It follows that the product (|5j, evaluated at x e Z, converges to a{x) as S ^ 0. We will prove that 
this convergence is uniform in norm on Z. 
If S < K, then fs{b) > f^{b). It follows that 

(6) y^vf5{b)v*^/a> ^/avfKib)v*^/a. 
Since b < 1, we have 

Vav f s{b)v* \/a < \/avv*\/a = a, 
and similarly for /k(&)- Combining this with ^ yields 

< a — \/avfs{b)v*y/a < a — \/avfK{b)v*y/a. 

By positivity, 

(7) \\a- y/avfs{b)v*y/a\ \ < \ \a - y/avf,,{b)v* ^/a\\ . 
Let {dn) be a sequence of strictly positive tolerances converging to zero. By 0, 

[a - \/avy/gs„ {b)b^J gs^{b)v* y/a]{x) = \ \[a - y/avfs„{b)v* ^/a\{x)\\ 

is a monotone decreasing sequence converging to zero for each x G By Dini's Theorem, this sequence 
converges uniformly to zero on Z. For the remainder of the proof we fix e > (5 > with the property that 



(8) 



a - y/av\/ gs{b)by/ gs{b)v*y/a 



< e. 



Extend ^/a and \/gs{b) to positive elements c and d in M4„(C(X)), respectively. This choice of c and d 
completes Step 1. 

Step 2. We must now modify our choice of c and d to address their failings, outlined at the beginning of 
Step 1. This modification will be made in three smaller steps. In a slight abuse of notation, we will use c 
and d to denote the successive modifications of the present c and d. 

For each x eW we have b{x) ~ a{x) > and \ \b{x) — a{x) 1 1 < e. It is a straightforward exercise to show 
that 



VKx) - \/a{x) 
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Choose a continuous map fi : Z ^ [0, 1] which is equal to one on Z\W and equal to zero on Vi. Set 
ai{x) ~ fi{x)y/a{x) + (1 — fi{x))y/b{x) for each x e Z, and set s = v^J gs{h)hyj gs{h)v* for brevity. Note 
that I |s| I < 1. Now for each x £ W we have 

\\[aisai]{x)\\ 

(1 - h){Vb-V^)]{x)s{x)[V^+{l - h)iVb - V^)]{x) 

~ \\[y/asy/a\{x) + r{x)\\ , 

where | |r (x) 1 1 < 2^ + e. We revise our definition of c by setting it equal to ai on X\U and extending it 
in an arbitrary fashion to a positive element of M4„(C(X)). Combining this new definition of c with ||8ll 
above we have the estimate 

(9) \\[icvd)b{cvdy]{x) - a{x)\\ <2(Vi + e), \fx £ X\U. 

Choose an open subset V2 of Z such that U C V2 Q V2 Q V\, and a continuous map f2 ■ Z ^ [0, 1] 
equal to zero on Z\Vi and equal to one on ¥2- For each x E Vi we have c{x) = \/b{x), d{x) = ^/gs{b), 
and v{x) = 1, whence 

= \\b{x)^gs{b){x) - a{x)\\ 
= \\b{x)fsmx)-a{x)\\ 



(10) 
(11) 



{cvd)b{cvd)*]{x) — a{x) 



(12) 

For each s e [0, 1] define 



< \\bix)fsmx)-bix)\\ + \\bix)-aix)\\<2e. 



hsit) 



2ts/d, te[Q,S/2] 
i2t~S)[il^s)/i2-6)]+s, te {6/2,1] 



It straightforward to verify that hg {t) is a homotopy of maps such that 

ho{t)=t; hi(t) = 

Set 



2t/5, t e [0, S/2] 
1, te (6/2,1] 



95, sit) = 



0, te [0,6/2] 

fs{t)/K{t), te [6/2,1] 



With these definitions we have /is (t)(75.s(i) = fs{t),ys,t e [0,1]. For each .t e 14, we adjust our definitions 
of c{x) and d{x) as follows: 



c{x) ^hf^i^^){b{x)); d{x) = ^gsj^(^^){b{x)). 



Since f2{x) = on dVi, the definitions of c{x) and d{x) are not altered on dVi. Thus, our modified 
versions of c and d are still positive elements of M4„(C(Z)), and the estimate (|9) still holds on Z\Vi. For 
x eVi we have 



(13) 
(14) 



{cvd)b{cvd)*]{x) — a{x) 



1 1 (2;) (&(a;))ffA\/2 {b{x))b{x) - a{x) 
]]fsibix))b{x) ~ aix)]] < 2e, 



where the last inequality follows from JlOl l above. Thus, (|9]l continues to hold with our new definitions 
of c and d. 
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Choose an open subset V3 of Z such that ?7 C V3 C V3 C V2, and a continuous map f^-.Z^ [0, 1] equal 
to zero on Z\V2 and equal to one on V3. For each s G [0, 1] define continuous maps rs,Ws : [0, 1] [0, 1] 
by 

rs{t) = max |s, ^hi{t)^ ; Ws{t) = max |s, -y/sZiWj • 

Thus, and Wg define homotopies of self-maps of [0, 1] such that tq = hi, wq = gs.if arid ri = wi = 1. 
For each x £ V2 we adjust our definitions of c{x) and d{x) as follows: 

c{x) = ^Jrf^^^-){b{x)); d{x) = ^ Wf^(^){h{x)). 

Since /3 = on dV2, the definitions of c{x) and d{x) are not altered on dV2. Thus, our modified versions 
of c and d are still positive elements of M4„(C(Z)), and the estimate (|9) still holds on Z\V2. For a; G V2 
we have 

\\[{cvd)h{cvd)*]{x) - a(x)|| ^ \ \r }^(^){b{x))w f.^(^-^{b{x))h{x) - a(x)|| < 2e 
by a functional calculus argument similar to iflSl l above — one need only observe that 

fs{t) < r,{t)ws{t) < 1, Vs,te [0,1]. 

Thus, (|9) continues to hold with our new definitions of c and d. Moreover, we have c{x) = d{x) = 
1 € M4„(C) for each x e V3. We may thus extend our definitions of c and d to all of X by setting 
c{x) = d{x) = 1 G M4„(C) for every x £ U UV3. With this final definition of c and d, we see that 

1 1 [{cvd)b{cvd)*]{x) - a(a;) 1 1 = I \b{x) ^ a{x)\ \ < e, Vx E U UV3. 

We conclude that the estimate ^ holds on all of X, whence (S) holds. □ 

With (S) in hand, we have completed the proof of Lemma [3. II 



4. A COMPARISON THEOREM FOR RECURSIVE SUBHOMOGENEOUS C*-ALGEBRAS 
4.1. Background and notation. Let us recall some of the terminology and results from ||22|| . 

Definition 4.1. A recursive subhomogeneous algebra (RSH algebra) is given by the following recursive definition. 

(i) IfX is a compact Hausdorff space and n gN, then M„(C(X)) is a recursive subhomogeneous algebra. 

(ii) If A is a recursive subhomogeneous algebra, X is a compact Hausdorff space, X'"' C X is closed, cj) : 
A Mfe(C(X(°))) is a unital *-homomorphism, and p : Mfe(C(X)) Mfe(C(X("))) is the restriction 
homomorphism, then the pullback 

A ®M.(C(X(0))) M,(C(X)) = {(a, /) e A ® M,(C(X)) | 0(a) = p{f)} 

is a recursive subhomogeneous algebra. 

It is clear from the definition above that a C*-algebra R is an RSH algebra if and only if it can be written 
in the form 



(15) R 



Co (Bq{o) Ci 



C2 



withCfe ~ M„(fe)(C(Xfe)) for compactHausdorff spaces andintegersn(fc), with C|.''^ = M„(j,)(C(X^°^)) 
for compact subsets x'^^ C X (possibly empty), and where the maps Ck cj^"^ are always the restric- 
tion maps. We refer to the expression in i fTSl l as a decomposition for R. Decompositions for RSH algebras 
are not unique. 

Associated with the decomposition i fTSt are: 
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(i) its length I; 

(ii) its k^^ stage algebra 



Rk 



Co ©p(o) Ci 



3^(0) Ck 



(iii) its base spaces Xo,Xi, . . . ,Xi and total space U^^qX^; 

(iv) its matrix sizes n(0), n(l), . . . , nil) and matrix size function m : X ^ N given by ni{x) — n{k) when 
X £ Xk (this is called the matrix size of R at x); 

(v) its minimum matrix size minfcn(fc) and maximum matrix size maxi;n{k); 

(vi) its topological dimension dim{X) and topological dimension function d : X — > N U {0} given by 
d{x) ~ dim(Xfe) when x e Xk', 

(vii) its standard representation : R—> ®k=o^'n.{k){C{Xk)) defined to be the obvious inclusion; 

(viii) the evaluation maps evx : R Mn(k) for x G Xk, defined to be the composition of evaluation at x 

on ©i=oMn(fc)(C(Xfc)) and ctr,. 

Remark 4.2. If R is separable, then the Xk can be taken to be metrisable (|22l Proposition 2.13]). If i? has 
no irreducible representations of dimension less than or equal to N, then we may assume that n{k) > N. 
It is clear from the construction of Rk+i as a pullback of Rk and Ck+i that there is a canonical surjective 
*-homomorphism : Rk+i Rk- By composing several such, one has also a canonical surjective *- 
homomorphism from Rj to Rk for any j > k. Abusing notation slightly, we denote these maps by Afc as 
well. 

Remark 4.3. The C*-algebra Mm [R) = R® (C) is an RSH algebra in a canonical way: Ck and C|."'' are 
replaced with Ck ® M,„(C) and C^°^ ® Mm(C), respectively, and the clutching maps 4>k ■ Rk ^ C'fc+i 
replaced with the amplifications 

^k id„, : Ck ® M™(C) ^ C^^\ ® M„(C). 

From here on we assume that (i? ) is equipped with this canonical decomposition whenever R is given 
with a decomposition. We will abuse notation by using (f)k to denote both the original clutching map in 
the given decomposition for R and its amplified versions. 

4.2. A comparisori theorem. 

Lemma 4.4. Let X be a compact metrisable Hausdorff space, and Y a closed subset of X. If a & M„(C(F)) is 
positive, then a can be extended to a & M„(C(X)) zvith the property that a(x) is invertible for every x e X\Y. If 
u = V (B V* for a unitary v e M„(C(y)), then u can be extended to a unitary u G M2n(C(X)). 

Proof. By the semiprojectivity of the C*-algebras they generate, both a and u can be extended to the 
closure of an open neighbourhood V of Y . We will also denote these extensions by a and u. Fix a 
continuous map / : X ^ [0, 1] which is equal to zero on Y , equal to one on X\V , and nonzero at every 

X e x\Y. 
Define 

a{x) + f{x){\\a\\- a{x)), x gV 

\\a\\, xC,X\V 

Clearly, 5 belongs to M„(C(X)) and extends a. It follows that for each x e X\Y, either a{x) — \\a\\ G 
GL„(C),or 



a{x) = 



~a{x) = a{x) + f{x){\\a\\ " a{x)) = /(x)||a|| + (1 - f{x))a{x) > f{x)\\a\\ > 0. 
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In the latter case we conclude that the rank of a{x) is n, whence a{x) e GL„(C) as desired. 
Now let us turn to u. We have 

^\vw = «lny ® 'ni^ ^ ^ (c (y\7) ) 

by the Whitehead Lemma, where denotes homotopy within the unitary group. Let H{x, t) : V\Y x 
[0, 1] Z-/(M2„(C)) be an implementing homotopy, with H{x, 0) ~ "ly\F ^^'^ H{x, 1) = 1. Define 

x £Y 
H{xJ{x)), xeV\Y 

1, xex\v 

It is straightforward to check that u is a unitary in M2„(C(X)), and u extends u by definition. □ 

Lemma 4.5. Let Abe a separable RSH algebra with a fixed decomposition as above. Let a,b £ Abe positive, and 
suppose that 1 1 (6 — a) 1 1 < e inside the A:*'' stage algebra Ak, k < I. Suppose further that 

rank(a(2:)) + {d{x) - l)/2 < rank(6(a;)), Vx G Xj\xf\j > k. 

It follows that there are m G N and v e M.,n{A) such that, upon considering A as the upper-left 1x1 corner of 
yim{A) we have \\\k+i{vhv* — a)|| < Ny/efor the constant N of Lemma \3.1\ and 

rank(a(.T)) + {d{x) - l)/2 < rank((z;6w*)(a;)), Va; G X^\xf\j >k + l. 

Proof. Let (/)fe : A^ C'i+i be the fc'^ clutching map. Our hypotheses imply that (j}k{h) , 4>k{a) S C^k+i ~ 
M„(fc+i)(C(X^'JJ_\) satisfy - '/>fe(a)|| < e. Apply LemmaOwith 0fc(a), (?:)fe(6), Xfe+i, X^'^^, and e in 

place of a, 6, X, Y , and e, respectively. The conclusion of Lemma [3.11 provides us with positive elements 
c, d and a imitary element u in M4„(fe+i)(C(Xfe+i)) such that 

(i) \\{cud)(l)j,{h){cudy -(j)k{a)\\< TV V^, and 

(ii) c{x) = d{x) ~ u{x) = 1 e M4nj^f;^i) (C) for every x e -'^^^'^V 

Using (ii) we extend c, d, and u to M4(A^:_|-i ) (keeping the same notation) by setting 

Afc(c) = Xkid) = Xkiu) - 1 G M4(Afc). 
Set Vk+i = cud € M4(^fe+i). We claim that 

\\vk+iXk+i{b)vl_^_i - Afe+i(a)|| < Ny/e. 
It will suffice to prove that the image of Wfc+i A^+i — A^+i (a) under the standard representation 

k+l 

^M4(A,+0 : M4(^fe+i) ^ 0M4„(,)(C(X,)) 

is of norm at most Ny/e. This in turn need only be checked in each of the direct summands of the 
codomain. In the summand ©j=o^^4n(i) i^i-^j)) f^e desired estimate follows from two facts: crM4(Afc_|_i) (''^fc+i) 
is equal to the unit of the said summand (see (ii) above), and the images of a and b in this summand are 
at distance strictly less than e < Ny/e. In the summand M4„(j,^_i) (C{Xk+i)) the desired estimate follows 
from (i) above. 

If m > 4, then any v e M,n(A) which, upon viewing M4(^) as the upper-left 4x4 corner of M,„(A), 
has the property that Xk+i{v) ~ Vk+i will at least satisfy \ \Xk+i{vbv* — a)|| < A^-y/e. It remains, then, to 
find such a v, while ensuring that 

rank(a(a;)) + {d{x) - l)/2 < rank((wfet>*)(a;)), Vx G X^\xf\j >k + l. 
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If fc + 1 = ^, then there is nothing to prove. Suppose that fc + 1 < I. Let us first construct an element 

Vk+2 of Ms{Ak+2) with the following properties: A^+i (ufc+2) = Vk+i, and 

rank(a(x)) + {d{x) - l)/2 < rank((i;fc+2K+2)(2^)), Vx e Xfe+2\^I.%. 

Define Ck+i = c © 0, dk+i = d ® 0, and u^+i = u ® u*. Use Lemma l44l to extend (jjk+iick+i), 
^fe+i(rf/c+i), and 0A;+i(ufe+i) to positive elements Cfe+2,rffc+2 and a unitary element ■iife+2, respectively, 
in M8„(^,+2) {G{Xk+2)), all of which are invertible at every x € Xk+2\xjf_^2- Consider M8(^fc+2) as a sub- 
algebra of ©j^o^8n(j)(C(Xj)) via its standard representation, and define Ck+2 to be equal to Ck+i in the 
first fc + 1 summands, and equal to Ck+2 in the last summand; define dk+2 and Uk+2 similarly. Setting 
Vk+2 = Ck+2Uk+2dk+2 we have that 

A/c+l(l'A;+2) = >^k+lick+2Uk+2dk+2) 

= Ck+iUk+idk+1 

= (c® 0)(Meu*)(d® 0) 

= cud ® 

= Vk+l- 

Moreover, for each x e Xk+2\X^_^^, we have 

Vk+2{x) = Ck+2{x)uk+2{x)dk+2{x) S GLgnffe+a) (C) . 

It follows that 

Taiik{{vbv*){x)) =rank(6(a;)) > {d{x) - l)/2 + rank(a(x)), Vx £ Xk+2\xj^}^, 

as required. 

If fc + 2 = I then we set v = Vk+2 to complete the proof. Otherwise, we repeat the arguments in 
the paragraph above using Ck+2 , dk+2 , and Uk+2 in place of c, d, and u, respectively, to obtain Vk+3 S 
(Ak+s) such that Xk+2{vk+3) = Vk+2 and 

rank(a(a;)) + {d{x) - l)/2 < Y&n\{{vk+3hvl+^){x)),-ix e Xk+3\xi% 

Continuing this process until we arrive at f = vi and setting v = vi yields the Lemma in full. □ 

Theorem 4.6. Let A be a separable RSH algebra with a fixed decomposition as above. Let a,b <E Abe positive, and 
suppose that 

rank(a(a;)) + {d{x) - l)/2 < rank(6(a;)), Vx G \ fc e {0, 1, . . .,1}. 

It follows that a ;<b. 

Proof. We view A as the upper-left 1x1 corner of Mm (A), and adopt the standard notation for the de- 
compositions of A and M„i{A). Let e > be given; we must find m E N and v G MmiA) such that 
\\vbv* — a|| < e. 

Let I be the length of the fixed decomposition for A. Given Sq > 0, we define Sk = Ny/Sk-i for each 
fcs{l,...,^}, where N is the constant of Lemma [3. II It follows that 

Sk = Sl/'''l[N'^'\ 

j=o 

Assume that 60 has been chosen so that 61 < e. 
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Apply Lemma [3.11 with Ao(a), Xo{b),XQ, and 0, in place of a, b, X, and Y. Since Y is empty, we can 
arrange to have any value of e appear in the conclusion of Lemma l3.ll We choose e = 5q/N'^, so that 
the norm estimate in the conclusion of Lemma |3IT] is strictly less than N^/S^/N^ — 5^. Let cq, do, and 
uq denote the positive elements and the unitary element, respectively, of M4„(o)(C(Xo)) produced by 
Lemma [3. II Apply the arguments of the second-to-last paragraph in the proof of Lemma [4. 51 with cq, do, 
and uq in place of c, d, and u, respectively, to produce an element vq of M32 [A) such that 1 1 Aq {vobv^ —a)\\ < 
do, and 

rank(a(x)) + (d(x) - l)/2 < rank((woK) W), G Xj\X^^\j > 0. 
Suppose that we have found m/j e N and w/j G M,„^(A) such that ||A/j(i;fc6z;^ — a)|| < 5^. and 

rank(a(a:)) + (d(x) - l)/2 < rank((i;fc6i;fe)(x)), Vx G X^\xf,j > k. 

An application of Lemma |431 yields Vk+i G M8„i^(A) such that \\Xk+i{vk+iVkbvlvl^^ — a)\\ < N\/Sk = 
4+1 and 

rank(a(2;)) + (d(a;) - l)/2 < rank((wfc+ii;fc6u^w^_^i)(x)), G X^\X^"\j >k+l. 
Starting with vq, we use the fact above to find, successively, vi, . . . ,vi. With v ~ vm^i ■ ■ -vq we have 

\\vbv* — a\ \ < 5i < e, 

as desired. □ 



5. Applications 

5.1. The radius of comparison and strict comparison. Let A be a unital stably finite C*-algebra, and let 
a,b £ Moo (A) be positive. We say that A has r-strict comparison if a ;^b whenever 

d{a) +r < d(6), Vd G LDF{A). 

The radius of comparison of A, denoted by rc{A), is defined to be the infimum of the set 

{r G I A has r — strict comparison} 

whenever this set is nonempty; if the set is empty then we set rc(^) = 00 ( (281 ). The condition rc(j4) = 
is equivalent to A having strict comparison (see Subsection l2.2b . 

The radius of comparison should be thought of as the ratio of the topological dimension of A to its 
matricial size, despite the fact that both may be infinite. It has been useful in distinguishing C*-algebras 
which are not K-theoretically rigid in the sense of G. A. Elliott (p2|, Il29l ). Here we give sharp upper 
bounds on the radius of comparison of a recursive subhomogeneous algebra. These improve significantly 
upon the upper bounds established in the homogeneous case by Il30l Theorem 3.15]. 

Theorem 5.1. Let Abe a separable RSH algebra with a fixed decomposition of length I and matrix sizes n(0), . . . , n{l). 
It follows that 

I A\ ^ dim(Xfe) - 1 

rc(^) < max . 

0<A:<i 2n(fc) 

Proof. Use r to denote the upper bound in the statement of the theorem, and suppose that we are given 
a,6 G Moo(^)+ such that dr{a) + r < dr{b) for every t g T{A). Associated to each x G Xk\xl°\ 
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< fc < ^, is an extreme point of T{A), denoted by Tx, obtained by composing evx with the normahsed 
trace on M„(;j). For any a e Moo(^)+ we have dr^{a) ~ [rank(eua-(a))]/n(fc), and so 

rank(eWj;(a)) dim(Xfe) — 1 ^ rank(eWi^(a)) rank(eW:r(^)) 
n{k) 2n{k) ~ n{k) nik) 

Multiplying through by n{k) we have 

rank(a(x)) + ^^(-^fc) ~ ^ < rank(6(x)) 

for every x G and k e {0, . . . , Z}, whence a 6 by Theorem 14. 61 as desired. □ 

Specialising to the homogeneous case we have the following corollary. 

Corollary 5.2. Let X he a compact metrisable Hausdorjf space of covering dimension d e N, and p e C{X) (g) /C 
a projection. If follows that 

Proof. The algebra p{C{X) (g) IC)p admits a recursive subhomogeneous decomposition in which every 
matrix size is equal to rank(p) and each Xk has covering dimension at most d. (This decomposition 
comes from the fact that p corresponds to a vector bundle of finite type — see Section 2 of Il22l .) The 
Corollary now follows from Theorem 15. II □ 

Corollary 15.21 improves upon fSO'. Theorem 3.15], or rather, the upper bound on the radius of comparison 
that can be derived from it: the latter result leads to an upper bound of {9d) / rank(p) . 

The property of strict comparison is a powerful regularity property with agreeable consequences. We 
will see some examples of this in Subsections 15 .21 |5l3l and l5.4| a fuller treatment of this topic can be found 
inHa. 

Theorem 5.3. Let (A^, 0^) be a unital direct sequence of recursive subhomogeneous algebras with slow dimension 
growth. If A = limi^oo(^i, 0i) Is simple, then A has strict comparison of positive elements. 

Proof. Let us first show that liminfi^oo i'c(Ai) = 0. We assume that each Ai is equipped with a fixed 
decomposition. Let Yi = uj'^pXi^fc denote the total space of Ai, di -.Yi ^ {0} UN its topological dimension 
ftmction, and ni{Q), . . . ,ni{li) its matrix sizes. From Il23l Definition 1.1], {Ai,(j>i) has slow dimension 
growth if the following statement holds: for every i G N, projection p E Moo {Ai), and N G N, there exists 
jo > i such that for every j > Jq and y E Y^ we have 

ewy(0jj(p)) = or rank(euj,(0jj(p))) > Ndj{y); 

if p = 1a,, then only the latter statement can hold. If ?/ G Xj^k\Xj^^, then 

rank(eiJy(4j(l^J)) = rank(eWj,(l^J) = nj{k) > NdimiXj^k). 

It now follows from Theorem l5.1l that liminfi^oo rc(Ai) = 0. 

Theorem 4.5 of l30l would give us strict comparison for A if only each (pi were injective. The origin of 
this injectivity hypothesis lies in l30l Lemma 4.4] — the proof of l30l Theorem 4.5] only uses injectivity of 
the (pi in its appeal to this Lemma. Thus, we must drop injectivity from the assumptions of [ISO! Lemma 
4.4]; we must prove the following claim: 

Claim: Let B be the limit of an inductive sequence of C*-algebras, and let a,b E Moo{B) be 

positive. If V'i,oo(a) ^ i^i,oo{b), then for every e > there is a j > i such that {tpij{a) — e)+ ;^ ^pij{b). 
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Proof of claim. If will suffice to prove the claim for a,b E B. By assumption, there is a sequence (vk) in B 
such that vkbvl — ^ a. We may assume that the vk lie in the dense local C*-algebra Ui Tpi,oo{Bi) (see the 
proof of l30l Lemma 4.4]). In fact, by compressing our inductive sequence, we may as well assume that 
Vk = 4'k,oo{wk) for some Wk E Bk- The statement that Vkhvl. a can now amounts to 

\\'>lJk,oo{wk-^i,k{b)wl ~ipi^k{a))\\ 0. 

Fix ko large enough that the left hand side above is < e. Since ||'!/'fco,i(2^)ll ^ ||^feo,oo(2^)|| for any x G Ak^ 
we may find j > i such that 

llV'fcoj(w'fcoV'«,fco(^Xo - ^*,fco(a))ll < e- 
Setting Tj = i'ko,j i^ko ) and appealing to part (iii) of Proposition l2. 1 1 we have 

{iJ^Jia) - e)+ ;< rj^i^j{h)r* ;< ■^}}^^J{b), 

as desired. This proves the claim, and hence the theorem. □ 

We collect an improvement of |30l Theorem 4.5] as a corollary. 

Corollary 5.4. Let A he the limit of an inductive sequence of stably finite C*-algebras (A^, 0^), with each Ai and 
unital. Suppose that A is simple, and that 

liminf rc{Ai) = 0. 

i — >oo 

It follows that A has strict comparison of positive elements. 

Proof. Follow the proof of Il30l Theorem 4.5] but use the claim in the proof of Theorem |5]3| instead of Il30l 
Lemma 4.4]. □ 

Corollary 5.5. Let M be a compact smooth connected manifold and h : M ^ M a minimal diffeomorphism. It 
follows that the transformation group C* -algebra C* {M, Z, h) has strict comparison of positive elements. 

Proof. By the main result of flTl , C* {M,Z, h) can be written as the limit of an inductive sequence of 
recursive subhomogeneous C*-algebras with slow dimension growth. Apply Theorem |5.3l □ 

5.2. The structure of the Cuntz semigroup. The Cuntz semigroup is a sensitive invariant in the matter 
of distinguishing simple separable amenable C* -algebras, and has recently received considerable atten- 
tion (see 0, m, 0, IZI, lEI, nil, EZl, and El). It is, however, very difficult to compute in general— see 
Il27l Lemma 5.1]. This situation improves dramatically in the case of simple C*-algebras with strict com- 
parison of positive elements. 

Let yl be a unital, simple, exact, stably finite C*-algebra. In this case we may write T4^(j4) = V{A) U 
W(A)_|. (as sets), where V{A) denotes the semigroup of Murray-von Neumann equivalence classes of pro- 
jections in Moo (A) — here interpreted as the those Cuntz equivalence classes represented by a projection — 
and W{A)+ denotes the subsemigroup of consisting of Cuntz classes represented by positive ele- 

ments having zero as an accumulation point of their spectrum (cf. |211I ). Let LAffh(T(A))++ denote the 
set of lower semicontinuous, affine, boimded, strictly positive functions on the tracial state space of A, 
and define a map t : W{A) LAffb(T(A))++ by t((a))(r) = rf^ (a). We endow the set 

y(A) U LAffb(T(A))++ 

with an Abelian binary operation +w which restricts to the usual semigroup operation in each compo- 
nent and is given by x +w f = + f for x E V{A) and / e LAfF5(T(yl))-|-+. We also define a partial 
order <w on this set which restricts to the usual partial orders in each component and satisfies 
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(i) X <w f if and only if l{x) < f , and 

(ii) x>w / if and only if l{x) > f. 

Theorem 5.6 (Brown-Perera-T |3l, Coward-Elliott-Ivanescu ||7|). Let Abe a simple, unital, exact, and stably 
finite C* -algebra with strict comparison of positive elements. It follows that the map 

V{A) U W{A)+ ^ V{A) U LAff6(T(A))++ 

is a semigroup order embedding. 

If A is infinite-dimensional and monotracial, then the embedding of Theorem 15. 61 is an isomorphism. 
We suspect that the monotracial assumption is unneccessary. Theorem |5]6] applies to ASH algebras as in 
Theorem l5.31 and so to the minimal diffeomorphism C*-algebras C*(A/, Z, h) considered above. 

5.3. A conjecture of Blackadar-Handelman. Blackadar and Handelman conjectured in 1982 that the 
lower semicontinuous dimension functions on a C* -algebra should be dense in the set of all dimension 
functions. This conjecture was proved for C*-algebras as in Theorem 15.61 in |i3j Theorem 6.4]. Thus, we 
have the following result. 

Theorem 5.7. Let Abe a C* -algebra as in Theorem 15161 ( in particidar, A could be the C* -algebra of a minimal 
diffeomorphism). It follows that the lower semicontinuous dimension functions on A are weakly dense in the set of 
all dimension functions on A. 

5.4. Classifying Hilbert modules. In Coward, Elliott, and Ivanescu gave a new presentation of the 
Cuntz semigroup. Given a C*-algebra A, they considered positive elements \n A ® K. (as opposed to 
Moo(^)/ as we have done — the difference is ultimately immaterial). If A is separable, then the hereditary 
subalgebras oi A® JC are singly generated, and any two generators of a fixed hereditary subalgebra are 
Cxmtz equivalent. Thus, Cuntz equivalence factors through the passage from a positive element to the 
hereditary subalgebra it generates. These hereditary subalgebras are in one-to-one correspondence with 
countably generated Hilbert ^-modules, and in |71 the notion of Cuntz equivalence, considered as a 
relation on hereditary subalgebras, is translated into a relation on Hilbert modules. Thus, we may speak 
of Cuntz equivalence between countably generated Hilbert A-modules. 

Theorem 5.8 (Coward-Elliott-lvanescu, |[7|). Let Abe a C* -algebra of stable rank one. It follows that countably 
generated Hilbert A-modules X and Y are Cuntz equivalent if and only if they are isomorphic. 

Corollary 5.9. Let A be as in Theorem I5l3l Suppose further that A has stable rank one. (In particular, A could 
by the C* -algebra of a minimal diffeomorphism, as these have stable rank one by the main result of Il23l .) It follows 
that countably generated Hilbert A-modides X and Y are isomorphic if and only if they are Cuntz equivalent. 

If X and Y as in Corollary l5.9l are finitely generated and projective, then they are Cuntz equivalent if 
and only if the projections in A ® /C which generate them as closed right ideals have the same Ko-class. 
Otherwise, X has associated to it an affine function on the tracial state space of A: one extends the map 
i of Subsection 15.21 to have domain A (g) /C, applies it to any positive element of ^ (X) /C which generates 
X as a closed right ideal. This function determines non-finitely generated X up to isomorphism. This 
classification of Hilbert A-modules is analogous to the classification of W*-modules over a IIi factor. We 
refer the reader to Section 3 of H) for further details. 



COMPARISON THEORY AND SMOOTH MINIMAL C* -DYNAMICS 



25 



5.5. Classifying self-ad joints. We say that self-adjoint elements a and in a unital C*-algebra A are 
approximately unitarily equivalent if there is a sequence (wn)^i of unitaries in A such that Unau^ b. 
For a £ j4+ we let <j>a '■ G*{a,l) ^ A denote the canonical embedding. Denote by Ell(a) the following 
pair of induced maps: 

KoicPa) ■■ Ko(C*(a, 1)) ^ Ko(A); 0* : T(^) ^ T(C*(a, 1)). 

Theorem 5.10 (Brown-T, HI). Let A be a unital simple exact C* -algebra of stable rank one and strict comparison 
(in particular, A could have stable rank one and satisfy the hypotheses ofTheorem \5.3[ . If a, b G A+, then a and b 
are approximately unitarily equivalent if and only z/cr(a) = a{b) and Ell(a) = Ell(5). 

5.6. The range of the radius of comparison, with applications. The classification theory of operator al- 
gebras is a rich field. It was begun by Murray and von Neumann with their type classification of factors 
in the 1930s, and has been active ever since. In the presence of certain regularising assumptions, the 
theory is well-behaved. For instance, there is a complete classification of injective factors with separable 
predual (due to Connes and Haagerup — see IH and |[T4|), and a similarly successful classification pro- 
gram for simple C*-algebras upon replacing injectivity and separability of the predual with amenability 
and norm-separability, respectively (see fTTl and |25| ). 

Without these regularising assumptions, the theory is fractious, but nonetheless interesting. One of the 
landmarks on this side of the theory is McDuff 's construction of uncountably many non-isomorphic fac- 
tors of type III ( IITHll ). (More recently there is Popa's work on II i factors with Betti numbers invariants — 
see II20II .) One might view McDuff 's result as saying that there are uncountably many non-isomorphic 
factors which all have the same naive invariant, namely, the mere fact that they are IIi factors. (Connes 
proved that there is only one injective IIi factor with separable predual.) Here we prove an analogue of 
McDuff 's theorem for simple, separable, amenable C*-algebras, where the corresponding naive invariant 
consists of Banach algebra K-theory and positive traces. We even obtain a somewhat stronger result, re- 
placing non-isomorphism with non-Morita-equivalence. In passing we prove that the range of the radius 
of comparison is exhausted by simple C* -algebras, a result which represents the first exact calculations 
of the radius of comparison for any simple C*-algebra. 

Recall that the Elliott invariant of a C* -algebra A is the 4-tuple 

(16) Ell(A) ((Ko^, KoA+, S^), Ki^, T+A, pa) , 

where the K-groups are the Banach algebra ones, Kg^^ is the image of the Murray-von Neumann semi- 
group V{A) under the Grothendieck map, is the subset of Kq^ corresponding to projections in A, 
T+A is the space of positive tracial linear functionals on A, and pA is the natural pairing of T+A and KqA 
given by evaluating a trace at a Ko-class. 

Theorem 5.11. There is a family {A^^^j.^s.+ \{o} of simple, separable, amenable C* -algebras such that rc^Ar) = r 
and Ell(Ar) = 'EA\[As)for every s,r £ IR+\{0}. In particular, Ar ^ Ag whenever r ^ s. If As and A,, are Morita 
equivalent, then s/r G Q. 

Proof. The general framework for the construction of A*^' ' follows 1311 . Find sequences of natural num- 
bers {rii) and {k) and a natural number mo with the following properties: 

(i) n, ^ 00; 
(ii) 

no nin2 ■ ■ ■ nj i^oo 

2mo {ni + li){n2 + I2) ■ ■ ■ (rit + k) 
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(iii) k 7^ for infinitely many i; 

(iv) every natural number divides some rn^ := mo(ni + /i)(n2 + h) ■ ■ ■ {ni + U) 

Set Xi = [0,1]"° and set X,+i = (Xi)"'+i. Let tt{ : X,+i X,, I < j < Ui+i be the co-ordinate 
projections. Let Ai be the homogeneous C*-algebra M„i;(C(Xi)), and let 0^ : Ai Ai+i be the 
homomorphism given by 

4)i{f){x) = diag {^f oTil^x), . . . J oTr'^'+^{x),a{xl), ■ ■ • , Vx G X^+i, 

where x},. . . ,x\' e Xi are to be specified. Set A'^^'^ = \imi^oa{Ai,4>i), and define 

0ij := 4>j-i o ■ ■ ■ o(j)i. 

Let 0i oo : Ai — > ^ be the canonical map. We note that the x\, . . . ,x^^ s Xi may be chosen to ensure that 
A is simple (cf. |3T]| ); we assume that they have been so chosen, whence A^'"' is unital, simple, separable, 
and amenable. 

By Theorem l5.ll we have 

lim rc(^i) = lim ^—^ ^— — = r. 

i~>oo i~^oc 2mo{ni + (i)(ri2 + h) ■ ■ ■ (ni + li) 

Since the construction of A'-^^ is the same as that of ||29l Theorem 4.1], we conclude that tc{A^^^) < r by 
11291 Proposition 3.3]. 

Let 77 > be given. We will exhibit positive elements a, 6 e Moo(^'^'^^) with the property that 

dr{a) +r-ri< dr{b), Vr G T(AW), 

and yet (a) ^ (b) in W{A'-'^^). This will show that rc(j4*^''') >?' — ?/ for every 77 > 0, whence rc(j4'^''') = 
as desired. 

Choose i large enough that 

mi 

It follows from ||28l Theorem 6.6] that there are a,be MooiA,)+ such that (a) ^ (6) in W{A,) and yet 



r, 



dr{a) + r-7]< drib), Vr e T{Ai). 

Assumption (ii) above ensures that Ui 7^ 0, whence each 4>i is injective. We may thus identify a and b with 
their images in A^'^'' so that 

dr{a) +r-T]< drib), Vr e T(A('')). 

We need only prove that (a) ^ (b) in WiA'^^^). The technique for proving this is an adaptation of Villad- 
sen's Chern class obstruction argument from ||3T1 . 

With Ni := hqUi ■ ■ ■ rii, we have A, = M,„^(C([0, 1]^0)- The element b of U^iA,) has the following 
properties: there is a closed subset Y of [0, 1]^' homeomorphic to S^'^, Ni — 2 < 2k < Ni, such that the 
restriction of 6 to F is a projection of rank k corresponding to the A:-dimensional Bott bimdle ^ over S^'^; 
and the rank of b is at most 2k over any point in Xi = [0, 1]^'. The element a has constant rank — it is a 
projection corresponding to a trivial line bundle over Xi — and need only have normalised rank strictly 
less than 37^/4. By increasing i, and hence rrii, if necessary, we may assume that the normalised rank of a 
is at least 77/2. This leads to 

(17) dria) > I = 2r (|-) > drib) (|-) , Vr € T(A,). 
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The map cfiij : Ai — > Aj has the form 

(/) = diag (/ o ^1^. (x), . . . , / o (x), /(x^), . . . , /(x^^- )) , Vx e X„ 

where /c^.j ~ »^j+i?ii+2 • • ■ arid Z^.j = mj/mi — fc^j. Following fSTJ, we have that t/)i.j (a) is a projection 
of rank x&-ak{a)mj/mi corresponding to the trivial vector bundle 0rank(a)mj/mi/ while the restriction of 
4>ij{b) to y'^' j C X^''^ ~ Xj is of the form ^^'^' j © /j, where /(, is a constant positive element of rank 
at most 2kli j. If p is the image of 1 e under the eigenvalue maps of 0; j which are co-ordinate 
projections, then pc/j^ j = ^'^^i,D . Let x e Aj. Restricting to Y^^-^ (and using the same notation for the 
restriction of x) we have 

If we can show that 6'rank(a)mj/mi is not Murray-von Neumann equivalent to a subprojection of j © 
^rank(/6)/ then we will have that the last quantity above is > 1/2 (cf. l30l Lemma 2.1]). It will then follow 
that for every j > i and every x ^ Aj, 

\\x<j>,,j{h)x* - (l),^j{a)\\ > 1/2; 

in particular, (a) ^ (6), as desired. 

By a straightforward adaptation of 1311 Lemma 2.1] (using the fact that the top Chern class of ^ is not 
zero), ^rank(a)mj/m, will fail to be equivalent to a subprojection of ^^'^'.i © ^rank(/b) if ra.nk{a)mj/mi > 
rank(/h). We have 

777. ■ TTl ■ 

rank(/h) — rank(a) • — - < 2klij — rank(a) • — - 



- ^^izT- ~ ^i-] ) ~ rank(a) 



mi 'I rfii 



(Ni — rank(a)) • — - — noni ■ ■ ■ rij, 



so it will be enough to prove that 

TTi ■ 

noUi ■ ■ - Uj > (Ni — rank(a)) • — -. 

rui 

Rearranging and using the definitions of rrii and Ni we must show that 

(n.+i _ ^ ^ 

ni+i ■ --nj 

Now rank(a) > (77/2)771,;, so the right hand side above is less than 

^jg^ (n,+i + h+i)---{n.j ^ / _ 77V7 

rii+i ■ ■ - Uj \ 2Ni 

The sequence {rairj){2Ni) is convergent to a nonzero limit, so for some 7 > 0, for all i sufficiently large, 
the expression in flSt is strictly less than 

(19) {n,+i+h+i)---{n,+lj) _ 

ni+i ■ --nj 
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< 



1 



Increasing i if necessary we may assume that 

(n^+i + h+i) ■ ■ ■ {rij + Ij) 

rii+i ■■ - Uj 1 - 7 ' 

whence the expression in l fT9] l is strictly less than one, as required. This completes the proof that rc(A('') = 
r. 

Since each natural number divides some rrii and each Xi is contractible, we have Ko(A('')) ^ Q, with 
the usual order structure and order unit. The contractibility of Xi also implies that Ki (Ai) ~ for every i, 
whence Ki(A('')) = 0,too. The pairing p between traces and Kq is determined imiquely since there is only 
one state on Ko(^('^)). In order to complete the proof that E11(A('')) = E11(A(")) for every r, s e M+\{0}, 
we must prove that T(^('^)) = T(A(")). 

Recall that the tracial state space of Mk(C(X)) is homeomorphic to the space V{X) of regular positive 
Borel probability measures on X. Let {A^p,(j)i) and {A['^\ipi) be inductive sequences as above, with 
simple limits A^'') and A^''\ respectively We have Spec(Af ') [0, 1]^' and Spec(Aj''') = [0, l]*''-. Using 
the superscript U to denote the map induced on traces by a *-homomorphism, we have 

T(AM) = lim {V{[0, 1]^% T{A^''>) = lim (^([0, if', 4)- 

We require sequences (7^) and {5i) of continuous affine maps making the triangles in the diagram 

(20) V{[0, ^([0, 1]"^^) ViiO, 1]^-^) 




commute ever more closely on ever larger finite sets as i 00. We will in fact be able to arrange for 
near-commutation on the entire source space in each triangle. 

Let 1^1 be a probability measure on X^, and K a subset of {1, ... , N}. We use to denote the mea- 
sure on X 1^1 defined by integrating out those co-ordinates of X^ not contained in K. Straightforward 
calculation shows that upon viewing Xi^i as xf'^^^^'' we have 



1=1 



k+i 



where is a convex combination of finitely many point masses. A similar statement holds for ?/;' . Since 
k+i I ("-i+i + 'i+i) is negligible for large i, we may in fact assume that 



X^ 



Ni+i/Ni 



^J■{l}\ V-^m) 



1=1 



Hk} 



k=l 



for the purposes of our intertwining argument. We may also assume, by compressing our sequences if 
necessary, that A'^i < A/i < iV2 < A/2 < ■ • • . Define 



71 M 



[Mi/iViJ 



VMi/Ni\ 

^^{{l-l)N^+l,...,lN^}■ 

1=1 
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Now set Bk = {(fc - l)Mi + 1, . . . , kAh} for each 1 < A: < [N2/Mi\, and A = {(* - l)iVi, . . . , tNi} for 
each 1 <t < N2/N1. Define 

^ L^V2/MiJ 

§ 

where crj^ is the map induced on measures by the homeomorphism ak ■ Bk ^ Bk defined by the following 
property: if j is the first co-ordinate of Bk contained in a £>( which is itself contained in Bk, then ak is the 
permutation which subtracts j — l(mod|i3fe|) from each co-ordinate. (The idea is that ak moves all of the 
DtS contained in Bk "to the beginning".) 

Let L be the number of DfS which are contained in some Bk- Since A^i <C Mi N2, we have that 
{N2 - NiL)/N2 is (arbitrarily) small. Now 

71 o,5i(/i) = ^lD,, 

{t I DtQBk, for some k} 

while 

^ N2/N1 

The difference [{■yio5i) — (j){]{fi) is a measure of total mass at most 2{N2 — NiL)/N2, and so the first triangle 
from the diagram l|20] | commutes to within this tolerance on flZ/ of 7-'([0, 1]^^). The subsequent jiS and SiS 
are defined in a manner analogous to our definition of Si, and this leads to the desired intertwining. We 
conclude that E11(A('')) ^ Ell(^(")), as desired. 

It remains to prove that if A'-^^ and A*^"' are Morita equivalent, then r/s G Q. Suppose that they are so. 
By the Brown-Green-Rieffel Theorem, A^"^^ and A'-'^'f are stably isomorphic, and so there are projections 
p,qe y4W®/C such that = (g)/C)p and A^'') = ^(AW ®/C)(7. Since Ko(A('-) ®/C) = Kq^v^M) = Q, 

there are natural numbers n and m such that n[p] = m[q] in Kq. It is proved in ||3T1 that the construction 
used to arrive at A^"^") and A'-'^'f always produces C*-algebras of stable rank one, whence A^^^ (g) /C has 
stable rank one. Thus, ©f^i p and ®JLi 1 are Murray-von Neumann equivalent, and 

By ||28l Proposition 6.2 (ii)] we have 

r/n ^ rc (^M„(^M)) = rc (^M„(A(''))) = s/m, 

whence r/s <E Q, as required. □ 

Remark 5.12. If r/s ^ Q, then A^^^ ®1C'^ ^^^^ ® JC. This, to our knowledge, is the first example of simple 
separable amenable stable C*-algebras which are not isomorphic yet have the same Elliott invariant. 
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